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, Hilbert $H$ . $H$
$B(H)$ ,
$S(H):=\{\rho\in B(H)|\rho=\rho^{*}\geq 0, \mathrm{R}(\rho)=1\}$
, $\rho\in S(H)$ . , $A\in B(H)$ , A*
, $A\geq 0$ , Tr(A) .
$(\Omega, F(\Omega))$ ,
$\Pi(\emptyset)=0$ ( ), $\Pi(\Omega)=I$ ( ),
$F\in \mathcal{F}(\Omega)$ , $\Pi(F)\geq 0$,
$\{F_{n}(\in F(\Omega))\}$ , $\Pi(\bigcup_{n}F_{n})=\sum_{n}\Pi(F_{n})$
$\Pi$ : $F(\Omega)arrow B(H)$ (POVM) .
, Hilbert $H$ $\rho\in S(H)$ ,
$(\Omega, F(\Omega))$ POVM $\Pi$ , $F\in F(\Omega)$
$\mathrm{P}\mathrm{r}(F|\rho, \Pi)=\mathrm{T}\mathrm{r}(\rho \mathrm{I}\mathrm{I}(F))$
. $\rho\in S(H)$ , $(\Omega,F(\Omega))$
POVM $\Pi$ , $F\in \mathcal{F}(\Omega)$ $\rho$
. .
2 $H_{1},$ $H_{2}$ , $H_{1}\otimes H_{2}$ . $H_{1},$ $H_{2}$
, $H_{1}\otimes H_{2}$ $\rho_{1}\otimes\rho_{2}\in S(H_{1}\otimes H_{2})(\rho_{1}\in S(H_{1}), \rho_{2}\in S(H_{2}))$
. $H_{1},$ $H_{2}$ , $\rho_{1}\in S(H_{1}),$ $\rho_{2}\in S(H_{2})$ $\rho_{1}=$ $=\rho$
, $\rho^{\otimes 2}:=\rho_{1}\otimes\rho_{2}$ .
, , $\rho\in S(H)$ $U\rho U^{*}\in S(?t)$ unitary $U\in$
$B(H)$ .
, . $R$
$\mathcal{L}_{2}$- $\mathcal{L}_{2}(R)$ $|n\rangle_{\nu}(n\in N_{0}$ :




, $\ovalbox{\tt\small REJECT}\Leftarrow\ovalbox{\tt\small REJECT}^{\ovalbox{\tt\small REJECT}}\models \mathrm{X},$ $c$ ( $\theta\ovalbox{\tt\small REJECT}_{\ovalbox{\tt\small REJECT}}|\theta \mathrm{X}$ . \models ) $\Leftarrow|$ $(arrow \mathrm{S}(\mathcal{L}_{2}(R)))$
, $n$ $\ovalbox{\tt\small REJECT}\theta)_{cc}(\theta|(\epsilon \mathrm{S}(\mathcal{L}_{2}(R)))$ coherent
, $\theta$ . ,
1 : $F(N_{0})arrow B(\mathcal{L}_{2}(R))$ $(\Pi_{1}(\{n\})=|n\rangle_{\nu\nu}\langle n|)$ ,
$\Pi_{2}$ : $\mathcal{F}(C)arrow B(\mathcal{L}_{2}(R))$ $(\Pi_{2}(\eta)d^{2}\eta=|\eta\rangle_{cc}\langle\eta|d^{2}\eta)$
POVM . $\Pi_{1}$ , $\Pi_{2}$ . Coherent
$|\theta\rangle_{cc}\langle\theta|$ , $\Pi_{1}$ , $n$ Poisson
,
$\mathrm{R}(|\theta\rangle_{cc}\langle\theta|\Pi_{1}(\{n\}))=\exp(-|\theta|^{2})|\theta|^{2n}/n!$
. , coherent $|\theta\rangle_{cc}\langle\theta|$ 2 ,









Hayashi [1] (1.2) $S_{1}:=\{\rho_{\theta,\sigma^{2}}|\theta\in C, \sigma^{2}\in R, \sigma^{2}>0\}$ $\theta,$ $2\sigma^{2}$
, . , $2^{m}$
$\rho_{\theta,\sigma^{2}}^{2^{m}}$ beam splitter ,
$\rho_{\theta,\sigma^{2}}^{\otimes 2^{m}}\mapsto U_{m}\cdots U_{1}\rho_{\theta,\sigma^{2}}^{\otimes 2^{m}}U_{1}^{*}\cdots U_{m}^{*}=\rho_{0,\sigma^{2}}^{\otimes 2^{m}-1}\otimes\rho_{\sqrt{2^{m}}\theta,\sigma^{2}}$ (2.1)
. , $1\leq j\leq m$
$U_{j}$ $:= \prod_{k=1}^{2^{m-j}}\exp(\frac{\pi}{4}$ ( $a_{2jk-\gamma-l}$ a k-a2jka2jk-2j-1))
, $1\leq l\leq 2^{m}$ , $a$ ’ $l$ , al*t
. , $a_{l}$ $l$ coherent Hamiltonian
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, $\theta$ $\eta(\epsilon \mathcal{H},$ $1\ovalbox{\tt\small REJECT} j<l-1,$ $l+l<j\ovalbox{\tt\small REJECT}$ 2
$a_{l}v_{1}\otimes\cdots\otimes v_{l-1}\otimes|\theta\rangle_{c}\otimes v_{l+1}\otimes\cdots\otimes v_{2^{m}}$
$=\theta v_{1}\otimes\cdots\otimes v_{l-1}\otimes|\theta\rangle_{c}\otimes v_{l+1}\otimes\cdots\otimes v_{2^{m}}$
. POVM $\Pi$ : $F(N_{0}^{2^{m}-1}\cross C)arrow \mathrm{C}_{1}(\mathcal{L}_{1}(R)^{\otimes 2^{m}})$
$\Pi(\{n_{1}\}, \ldots, \{n_{2^{m}-1}\}, \eta)d^{2}\eta$
$=\Pi_{1}(\{n_{1}\})\otimes\cdots\otimes\Pi_{1}(\{n_{2^{m}-1}\})\otimes\Pi_{2}(\eta)d^{2}\eta$
$=|n_{1}\rangle_{\nu\nu}\langle n_{1}|\otimes\cdots\otimes|n_{2^{m}-1}\rangle_{\nu\nu}\langle n_{2^{m}-1}|\otimes|\eta\rangle_{cc}\langle\eta|d^{2}\eta$
. , $(n_{1}, \ldots, n_{2^{m}-1}, \eta)\text{ }\mathrm{o}\mathrm{e}\text{ }*1\mathrm{h}$ ,
1 $(\rho_{0,\sigma^{2}}^{\otimes 2^{m}-1}\otimes\rho_{\sqrt{2^{m}}\theta,\sigma^{2}}\Pi(\{n_{1}\}, \ldots, \{n_{2^{m}-1}\}, \eta))d^{2}\eta$
$= \frac{1}{(2\sigma^{2}+1)^{2^{m}-1}}(\frac{2\sigma^{2}}{2\sigma^{2}+1})^{n_{1}+\cdots+n_{2^{m}-1}}\frac{1}{2\sigma^{2}}\exp(-\frac{|\eta-\sqrt{2^{m}}\theta|^{2}}{2\sigma^{2}})d^{2}\eta$
. , ${\rm Re}(\theta),$ ${\rm Im}(\theta),$ $2\sigma^{2}$
.
$\overline{\eta}_{1}:={\rm Re}(\eta)/\sqrt{2^{m}}$, $\overline{m}:={\rm Im}(\eta)/\sqrt{2^{m}}$, $\hat{\kappa}_{2}:=\sum_{j=1}^{2^{m}-1}\frac{n_{j}}{2^{m}-1}$
, $\overline{\eta}1,\overline{m},\overline{n}$ ,
$(\begin{array}{llll}\sigma^{2}/2^{m} 0 0 0 \sigma^{2}/2^{m} 0 0 0 2\sigma^{2}(1+2\sigma^{2})/(2^{m} -\mathrm{l})\end{array})$




, , (1.2) Gaussian
, . , ( , 3 4 cumulant
0 . , cumulant
. , $\beta:=-\beta_{1}/2+i\beta_{2}/2$ ($\beta_{1}$ , $\in R$) , $\rho$
$\chi_{N}(\beta):=\mathrm{b}\{\rho\exp(\beta a_{1}^{*})\exp(-\beta^{*}a_{1})\}$
120
(Walls and Milburn [3]). , $j,$ $k(\in N)$ cumulant
$\kappa_{j,k}:=\frac{\partial^{j}}{\partial\beta_{1}^{j}}\frac{\partial^{k}}{\partial\beta_{2}^{k}}\log(\chi_{N}(0))$
. , $\kappa_{j,k}=\kappa_{k,j}(j+k\geq 2)$ .
, , $\kappa_{1,0},$ $\kappa_{0,1},2\kappa_{2,0}$ , .
(2. 1)& $U_{m}\cdots U_{1}\rho^{\otimes 2^{m}}U_{1}^{*}\cdots U_{m}^{*}$ , POVM
. $(n_{1}, \cdots, n_{2^{m}-1}, \eta)$ $\kappa_{1,0},$ $\kappa_{0,1},$ $\kappa_{2}:=2\kappa_{2,0}$
$\hat{\kappa}_{1,0}:={\rm Re}(\eta)/\sqrt{2^{m}}$, $\hat{\kappa}_{1,0}:={\rm Im}(\eta)/\sqrt{2^{m}}$, $\hat{\kappa}_{2}:=\sum_{j=1}^{2^{m}-1}\frac{n_{j}}{2^{m}-1}$
, .
3.1 $\kappa_{1,1}=\kappa_{3,0}=\kappa_{2,1}=\kappa_{1,2}=\kappa_{0,3}=\kappa_{3,1}=\kappa_{1,3}=0$ ,
$E(\hat{\kappa}_{1,0})=\kappa_{1,0}$ , $E(\hat{\kappa}_{0,1})=\kappa_{0,1}$ , $E(\hat{\kappa}_{2})=2\kappa_{2,0}$ ,
$V( \hat{\kappa}_{1,0})=V(\hat{\kappa}_{0,1})=\frac{\kappa_{2,0}+1/2}{2^{m}}$ ,
$V( \hat{\kappa}_{2})=2\kappa_{2,0}\frac{1+2\kappa_{2,0}}{M_{*}}+2\frac{M+1}{3MM_{*}}(\kappa_{4,0}+\kappa_{2,2})$ (3.1)
. , $M:=2^{m},$ $M_{*}:=2^{m}-1$ .
4Beam splitter
, Hayashi [1] , (2.1) unitary beam
splitter 1/2 , beam splitter
(1/2) . , $\kappa_{1,0},$ $\kappa_{0,1},$ $\kappa_{2}$
, $\epsilon_{j,k}$ , (2.1) &




. $\{\cos(\pi/4-\sqrt{2}\epsilon_{j,k})\}^{2}$ , $(j, k)$ beam splitter .
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4.1 $\kappa_{1,1}=\kappa_{3,0}=\kappa_{2,1}=\kappa_{1,2}=\kappa_{0,3}=\kappa_{3,1}=\kappa_{1,3}=0$ ,
$E(\hat{\kappa}_{1,0})=\kappa_{1,0}$ , $E(\hat{\kappa}_{0,1})=\kappa_{0,1}$ ,
$E( \hat{\kappa}_{2})=2\kappa_{2,0}+2\frac{Mm(\kappa_{1,0}^{2}+\kappa_{0,1}^{2})+2(2M_{*}-m)\kappa_{2,0}}{M_{*}}V(\epsilon)+O(V(\epsilon)^{2})$ ,
$V( \hat{\kappa}_{1,0})=V(\hat{\kappa}_{0,1})=\frac{(2V(\epsilon)+1)^{m}\kappa_{2,0}+1/2}{2^{m}}$




. , $M:=2^{m},$ $M_{*}:=2^{m}-1$ .









, Hayashi [1] , , (2.1)
unitary
. , , dark count ,




3.1 (3.1) 4.1 . , 3.1 (3.1)
4.1 .
, $1\leq j\leq m$ ,
$U_{j}\cdots U_{1}\rho^{\otimes 2^{j}}U_{1}^{*}\cdots U_{j}^{*}$ (5.2)
$2^{j}$ $\mathrm{P}$
$g_{j}$ cumulant $\kappa_{k,l}^{(j)}$ , $1\leq j<m$ ,
$\kappa_{1,0}^{(j+1)}=\sqrt{2}\kappa_{1,0}^{(j)}$ , $\kappa_{0,1}^{(j+1)}=\sqrt{2}\kappa_{0,1}^{(j\rangle}$ ,
$\kappa_{2,0}^{(j+1)}=(1+2V(\epsilon))\kappa_{2,0}^{(j)}$ , $\kappa_{1,1}^{(j+1)}=(1+2V(\epsilon))\kappa_{1,1}^{(j)}$ ,




, $1\leq j\leq m$ ,









$E(\hat{\kappa}_{1,0})$ $=$ $\int\int_{C}{\rm Re}(\eta)g_{m}(\eta)\mu(d^{2}\eta)=\kappa_{1,0}$,
$E(\hat{\kappa}_{0,1})$ $=$ $\int\int_{C}{\rm Im}(\eta)g_{m}(\eta)\mu(d^{2}\eta)=\kappa_{0,1}$ ,
$V(\hat{\kappa}_{1,0})$ $=$ $V( \hat{\kappa}_{0,1})=\int\int_{C}{\rm Re}(\eta)^{2}g_{m}(\eta)\mu(d^{2}\eta)-\kappa_{1,0}^{2}$
$=$ $\frac{(2V(\epsilon)+1)^{m}\kappa_{2,0}+1/2}{2^{m}}$
. , (5.2) 24 $\mathrm{P}$ , $h_{j}$
, $h_{j}$ 2 cumulant $\lambda_{k,l}$ ,
$\lambda_{1,0}$ $=$ $\lambda_{1,0}=\lambda_{3,0}=\lambda_{2,1}$ =0
$\lambda_{2,0}$ $=$ $(2V(\epsilon)+\mathfrak{y}\kappa_{2,0}^{(j-\mathfrak{y}}+4V(\epsilon)(\kappa_{1,0}^{(j-1)})^{2}$ ,












$E(\hat{\kappa}_{2})$ $=$ $2 \kappa_{2,0}+2\frac{Mm(\kappa_{1,0}^{2}+\kappa_{0,1}^{2})+2(2M_{*}-m)\kappa_{2,0}}{M_{*}}V(\epsilon)+O(V(\epsilon)^{2})$ ,
$V(\hat{\kappa}_{2})$ $= \sum_{j=1}^{m}\sum_{k=1}^{2^{m-j}}V(n_{2^{m}-2^{m-j+1}}k)++\sum_{j\neq k}Cov(n_{j}, n_{k})$
$= \sum_{j=1}^{m}2^{m-j}\int\int_{C}(|\eta|^{4}+|\eta|^{2})h_{j}(\eta)\mu(d^{2}\eta)$
- $\sum_{j=1}^{m}2^{m-j}\{\int\int_{C}|\eta|^{2}h_{j}(\eta)\mu(d^{2}\eta)\}^{2}+O(V(\epsilon))$
, $V(\epsilon)=0$ (3.1) , $V(\epsilon)\neq 0$ $\kappa_{2,2}=0$ (4.1) .
124
[1] Hayashi, M. (2000). Asymptotic quantum theory for the thermal state family.
Quantum communication, computing and measurement 2(edited by Kumar,
P. $\mathrm{D}$ ’ariano, G. M. and Hirota, O.), Plenum, New York, 99-104.
[2] Kim, J., Takeuchi, S. and Yamamoto, Y. (1999). Multiphoton detection using
visible light photon counter. Appl. Phys. Lett., 74, 902-904.
[3] Walls, D. 1and Milburn, G. J. (1994). Quantum optics, Springer, Tokyo.
125
